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Hilbert-Style Proofs

Equational
Combinators SKI-Calculus
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Part I

Hilbert-Style Proofs
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Axiom Schemas or Inference Rules?

Axiom Schemas Inference Rules
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The Implicational Fragment

Γ ⊢ 𝜑 ⇒ 𝜓 Γ ⊢ 𝜑
MPΓ ⊢ 𝜓

S
Γ ⊢ (𝜑 ⇒ 𝜓 ⇒ 𝜗) ⇒ (𝜑 ⇒ 𝜓) ⇒ 𝜑 ⇒ 𝜗

KΓ ⊢ 𝜑 ⇒ 𝜓 ⇒ 𝜑
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Identity

S
Q ⇒ P ⇒ 𝜑 ⇒ 𝜑

K
𝜑 ⇒ (𝜓 ⇒ 𝜑) ⇒ 𝜑

MP
P ⇒ 𝜑 ⇒ 𝜑

K
𝜑 ⇒ 𝜓 ⇒ 𝜑

MP𝜑 ⇒ 𝜑

Q ≔ 𝜑 ⇒ (𝜓 ⇒ 𝜑) ⇒ 𝜑
P ≔ 𝜑 ⇒ 𝜓 ⇒ 𝜑
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tbd

Theorem (Deduction)

Γ, 𝜑 ⊢ 𝜓 ⟺ Γ ⊢ 𝜑 ⇒ 𝜓
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Adding more Axioms

Γ ⊢ ⊥ ⇒ 𝜑

Γ ⊢ 𝜑 ⇒ 𝜑 ∨ 𝜓 Γ ⊢ 𝜓 ⇒ 𝜑 ∨ 𝜓

Γ ⊢ (𝜑 ⇒ 𝜗) ⇒ (𝜓 ⇒ 𝜗) ⇒ 𝜑 ∨ 𝜓 ⇒ 𝜗

Γ ⊢ 𝜑 ∧ 𝜓 ⇒ 𝜑 Γ ⊢ 𝜑 ∧ 𝜓 ⇒ 𝜓

Γ ⊢ (𝜗 ⇒ 𝜑) ⇒ (𝜗 ⇒ 𝜓) ⇒ 𝜗 ⇒ 𝜑 ∧ 𝜓
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Part II

ToMock a Mockingbird
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Forests

𝐴
𝐵

𝐴𝐵
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Kestrel

K𝑥 𝑦 = 𝑥

K

const

Some Birds 11



Starling

S𝑥 𝑦 𝑧 = 𝑥 𝑧 (𝑦 𝑧)

S

\x y z -> x z (y z)1

1More on this later
Some Birds 12



Identity Bird

I𝑥 = 𝑥

I

id

Some Birds 13



Identity Defined

Hilbert Style
S

Q ⇒ P ⇒ 𝜑 ⇒ 𝜑
K

𝜑 ⇒ (𝜓 ⇒ 𝜑) ⇒ 𝜑
MP

P ⇒ 𝜑 ⇒ 𝜑
K

𝜑 ⇒ 𝜓 ⇒ 𝜑
MP𝜑 ⇒ 𝜑

I = (SK)K = SKK

Some Birds 14



Mockingbird

M𝑥 = 𝑥𝑥

M = S I I

M

Some Birds 15



Cardinal

C𝑥 𝑦 𝑧 = 𝑥 𝑧 𝑦

C

flip

Some Birds 16



Warbler

W𝑥 𝑦 = 𝑥 𝑦 𝑦

W

\x y -> x y y2

2Again, more on this later
Some Birds 17



Bluebird

B𝑥 𝑦 𝑧 = 𝑥 (𝑦 𝑧)

B

(.)

Some Birds 18



Blackbird

The Beatles

B1 𝑥 𝑦 𝑧𝑚 = 𝑥 (𝑦 𝑧𝑚)

B1 = BBB

B1

Some Birds 19



The BCKW-Forest

The forest containing a Bluebird, Cardinal,Kestrel andWarbler.

Each bird represents a unique capability:

B parenthesising
C reordering
K discarding
W duplication

⇝ interesting subforests!

Some Forests 20



The BCKW-Forest

The forest containing a Bluebird, Cardinal,Kestrel andWarbler.

Each bird represents a unique capability:

B parenthesising
C reordering
K discarding
W duplication

⇝ interesting subforests!

BCK ↭ a fragment of affine logic
BC ↭ a fragment of linear logic
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The SK-Forest

The forest containing a Starling andKestrel.

S represents multiple capabilities at once:

S parenthesising, reordering, duplication
K discarding

Some Forests 21



Comparison

SK BCKW
S S B (BW) (BBC)
B S (KS)K B
C S (BB S) (KK) C
K K K
W S S (K I) W

Some Forests 22



Part III

Combinatory Logic
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Syntax

𝐹,𝐺 ∶≔ 𝑣 ∣K ∣ S ∣ 𝐹 𝐺
where 𝑣 ∈ 𝒱
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Small-Step Operational Semantics

K
K𝐹 𝐺 → 𝐹

S
S𝐹 𝐺𝐻 → 𝐹 𝐻 (𝐺𝐻)

𝐹 → 𝐹 ′
appl𝐹 𝐺 → 𝐹 ′ 𝐺

𝐺 → 𝐺′
appr𝐹 𝐺 → 𝐹 𝐺′
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Weak equality

Let=w be the least equivalence relation containing→:

𝐹 =w 𝐹
𝐺 =w 𝐹
𝐹 =w 𝐺

𝐹 → 𝐺
𝐹 =w 𝐺

𝐺 → 𝐹
𝐹 =w 𝐺
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Multi Step Relation

Let↠ be the reflexive transitive closure of→:

𝐹 ↠ 𝐹
𝐹 → 𝐺 𝐺 ↠ 𝐻

𝐹 ↠ 𝐻
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Church-Rosser

𝐹

𝐹1 𝐹2

𝐺

28



Combinators as 𝜆-terms

(−)Λ ∶ CL → Λ
(𝑣)Λ = 𝑣
(K)Λ = 𝜆𝑥.𝜆𝑦.𝑥
(S)Λ = 𝜆𝑥.𝜆𝑦.𝜆𝑧.𝑥 𝑧 (𝑦 𝑧)
(𝐹 𝐺)Λ = (𝐹)Λ (𝐺)Λ

Combinators and𝜆-terms 29



𝜆-terms as Combinators?

(−)CL ∶ Λ → CL
(𝑣)CL = 𝑣
(𝑠 𝑡)CL = (𝑠)CL (𝑡)CL
(𝜆𝑣. 𝑡)CL = ?

Combinators and𝜆-terms 30



Combinatory Abstraction

𝜆⋆(−). (−)∶ 𝒱 × CL → CL

𝜆⋆𝑣.𝑥 = {I 𝑣 = 𝑥
K𝑥 otherwise

𝜆⋆𝑣.K = KK
𝜆⋆𝑣. S = KS
𝜆⋆𝑣. (𝐵𝐶) = S (𝜆⋆𝑣.𝐵) (𝜆⋆𝑣.𝐶)

Combinators and𝜆-terms 31



𝜆⋆ is 𝛽-reductive

Theorem

(𝜆⋆𝑥.𝐴𝐵) ↠ (𝐴 [𝐵/𝑥])

Combinators and𝜆-terms 32



Typing Relation (à la Curry)

KΓ ⊢ K ∶ 𝜎 → 𝜏 → 𝜎

S
Γ ⊢ S ∶ (𝜎 → 𝜏 → 𝜚) → (𝜎 → 𝜏) → 𝜎 → 𝜚

Γ ⊢ 𝑀 ∶ 𝜎 → 𝜏 Γ ⊢ 𝑁 ∶ 𝜎 MPΓ ⊢ 𝑀 𝑁 ∶ 𝜏

Typed Combinators 33



Church-Style Typing

Reminder
In the 𝜆-calculus, church style typing is done by annotating
𝜆-abstractions with the type of the bound variable.

Instead, index S and K with the choices of types:

𝐹,𝐺 ∶≔ 𝑣 ∣K𝜎,𝜏 ∣ S𝜎,𝜏,𝜚 ∣ 𝐹 𝐺

where 𝜎, 𝜏, 𝜚 ∈ Type

Typed Combinators 34



Curry-Howard

Hilbert-Style Typed Combinatory Logic
Modus Ponens Application
Assumption Variable

Axiom Schemes K and S

Typed Combinators 35



Part IV

Golfing, for Fun and Profit
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Combinators in Haskell

Remember S = \x y z -> x z (y z) ?

Surely we shouldn’t be churning butter with a toothpick like that!

The Prelude comes to our rescue!
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Applicative Functors34

An endofunctor 𝐹 ∶ 𝒞 → 𝒞 is called applicative, if there exist
• pure ∶ 𝐴 → 𝐹𝐴
• � ∶ 𝐹 (𝐵𝐴) × 𝐹𝐴 → 𝐹𝐵

such that

pure(id𝐴) � 𝐹𝑎 = 𝑎
pure(∘) � 𝑢 � 𝑣 � 𝑤 = 𝑢 � (𝑣 � 𝑤)

pure(𝑓) � pure(𝑎) = pure(𝑓(𝑎))
𝑢 � pure(𝑎) = pure(𝜆𝑓 . 𝑓(𝑎)) � 𝑢

3with a grain of salt
4Mcbride and Paterson, “Applicative programming with effects”.

Some Category Theory 38



Environment Functor is Applicative

(−)𝐴 ∶ 𝒞 → 𝒞

𝑋 𝑋𝐴

𝑌 𝑌 𝐴

𝑓 𝑔↦𝑓∘𝑔

pure ∶ 𝑋 → 𝑋𝐴

pure = K

� ∶ 𝑌 𝑋𝐴 ×𝑋𝐴 → 𝑌 𝐴

� = S

Some Category Theory 39
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Environment Functor is Applicative

(−)𝐴 ∶ 𝒞 → 𝒞

𝑋 𝑋𝐴

𝑌 𝑌 𝐴

𝑓 𝑔↦𝑓∘𝑔

pure ∶ 𝑋 → 𝐴 → 𝑋
pure = K� ∶ (𝐴 → 𝑋 → 𝑌 ) → (𝐴 → 𝑋) → 𝐴 → 𝑌� = S

Some Category Theory 39



Combinators in Haskell

K = pure

S = (<*>)

B = pure (<*>) <*> pure

C = ((.) . (<*>)) <*> pure pure

W = (<*>) <*> pure id = join

Some Category Theory 40
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Monoidal Categories

Amonoidal category is a category 𝒞with a bifunctor
⊗∶ 𝒞 × 𝒞 → 𝒞 and an object 1 ∈ 𝒞 such that there exist natural
isomorphisms

• 𝛼𝐴,𝐵,𝐶 ∶ 𝐴 ⊗ (𝐵 ⊗ 𝐶) ≅ (𝐴 ⊗ 𝐵) ⊗ 𝐶
• 𝜌𝐴 ∶ 𝐴 ⊗ 1 ≅ 𝐴
• 𝜆𝐵 ∶ 1 ⊗ 𝐵 ≅ 𝐵

Applicative Functors without Salt 42



Lax Monoidal Endofunctors
Let (𝒞,⊗, 1) be a monoidal category5. A lax monoidal
endofunctor on 𝒞 is a functor 𝐹 ∶ 𝒞 → 𝒞with

• a morphism 1 → 𝐹1
• a natural transformation 𝜇𝑋,𝑌 ∶ 𝐹𝑋 ⊗ 𝐹𝑌 → 𝐹(𝑋 ⊗ 𝑌 )

such that

(𝐹𝐴 ⊗ 𝐹𝐵) ⊗ 𝐹𝐶 𝐹𝐴⊗ (𝐹𝐵 ⊗ 𝐹𝐶)

𝐹(𝐴 ⊗ 𝐵) ⊗ 𝐹𝐶 𝐹𝐴⊗ 𝐹(𝐵 ⊗ 𝐶)

𝐹((𝐴 ⊗ 𝐵) ⊗ 𝐶) 𝐹(𝐴 ⊗ (𝐵 ⊗ 𝐶))

𝛼𝐹𝐴,𝐹𝐵,𝐹𝐶

𝜇𝐴,𝐵⊗id id⊗𝜇𝐵,𝐶

𝜇𝐴⊗𝐵,𝐶 𝜇𝐴,𝐵⊗𝐶
𝐹(𝛼𝐴,𝐵,𝐶)

5e.g. (Set,×, {•})
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Lax Monoidal Endofunctors

Let (𝒞,⊗, 1) be a monoidal category5. A lax monoidal
endofunctor on 𝒞 is a functor 𝐹 ∶ 𝒞 → 𝒞with

• a morphism 1 → 𝐹1
• a natural transformation 𝜇𝑋,𝑌 ∶ 𝐹𝑋 ⊗ 𝐹𝑌 → 𝐹(𝑋 ⊗ 𝑌 )

such that

𝐹𝐴 ⊗ 1 𝐹𝐴 ⊗ 𝐹1

𝐹𝐴 𝐹(𝐴 ⊗ 1)

id⊗𝜂

𝜌𝐴 𝜇𝐴,1

𝐹(𝜌𝐴)

1 ⊗ 𝐹𝐵 𝐹1 ⊗ 𝐹𝐵

𝐹𝐵 𝐹(1 ⊗ 𝐵)

𝜂⊗id

𝜆𝐵 𝜇1,𝐵

𝐹(𝜆𝐵)

5e.g. (Set,×, {•})
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Applicative Functors

Let (𝒞,⊗, 1) be a monoidal category. A lax monoidal functor
𝐹 ∶ 𝒞 → 𝒞 is called strong if there is a natural transformation

𝜏𝐴,𝐵 ∶ 𝐴 ⊗ 𝐹𝐵 → 𝐹(𝐴 ⊗ 𝐵)

such that

Applicative Functors without Salt 44
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